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Abstract. In this paper, we study umbral calculus to have alternative ways 
of obtaining our results. That is, we derive some interesting identities of the 
higher-order Bernoulli, Euler and Hermite polynomials arising from umbral 
calculus to have alternative ways. 



1. Introduction 

As is well known, the Hermite polynomials are defined by the generating function 
to be 

4-n 

n=0 



with the usual convention about replacing H^{x) by Hn{x) (see [51 [TO])- In the 
special = 0, Hn{0) = Hn are called the n-th Hermite numbers. The Bernoulh 

polynomials of order r are given by the generating function to be 



^ -) e-'=E^"''H^)^' ("-^^y (1-2) 

n— 



From (|1.2I) . the n-th Bernoulli numbers of order r are defined by Bn\o) — Bn^ 
(see [1-16]). The higher-order Euler polynomials are also defined by the generating 
function to be 

e-* = E^n'^(^)-' (^e^)' (1-3) 

' n=0 ^' 

are called the n-th Euler numbers of order r (see [1-16]). 
The first Stirling number is given by 

n 

{x)n ^ x{x - 1) ■ ■ ■ {x - n + 1) = ^Si{n, k)x\ (see [6,13]), (1.4) 

/=o 

and the second Stirling number is defined by the generating function to be 

(e*-l)"-n!E52(;,n)|, (see [6,9,13]). (1.5) 

l=n 
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For 1) e C, the Frobenius-Euler polynomials are given by 

(^r^) <'^'-T.Hn\A^)-y (rGR)(see[l,5]). (1.6) 

In the special case, x — Q, Hn\Q\\) — Hn\X) are caUed the n-th Frobenius-Euler 
numbers of order r. 

Let J- be the set of all formal power series in the variable t over C with 



I fe=0 



Ok e 



The formal power series f(t) = J^'kLo ^ defines a linear functional on 



Let us assume that P is the algebra of polynomials in the variable x over C and P* 
is the vector space of all linear functionals on P. {L \ p{x)) denotes the action of 
the linear functional L on a polynomial p{x) and we remind that the vector space 
structure on P* is defined by 

{L + M\p{x)) = {L\pix)) + {M\p{x)) , 

{cL\pix))=c{L\p{x)), 

where c is a complex constant (see [6| l9l [13]). 

Jk=0 k\ ' 

by setting 

{f(t)\x'') = an, for all n > (see [6,9,13]). (1.7) 
Then, by ([TT7|) . we get 

- n!5„,fe, (n,fc>0), (1.8) 
where 5n.k is the Kronecker symbol (see [6t[9|fT3]l. 

Let fUt) = Er=o^*' (see M)- For h{t) = EZo^*"^ have 
(/L(t)|a;") = (Ljcc"). The map L i— )■ /l(0 is a vector space isomorphism from P* 
onto Henceforth, T will be thought of as both a formal power series and a linear 
functional. We shall call J" the umbral algebra. The umbral calculus is the study 
of umbral algebra (see [6l [9l fT3]). 

The order o{f{t)) of the non-zero power series f{t) is the smallest integer k for 
which the coefficient of t'^ does not vanish. A series f{t) having o{f{t)) = 1 is called 
a delta series and a series f{t) having o(f{t)) = is called an invertible series. Let 
/(t) be a delta series and g{t) be an invertible series. Then there exists a unique 
sequence Sn{x) of polynomials such that <^g(t)/(t)''|S'„(x)) = n\5n,k where n,k > 0. 
The sequence Sn{x) is called Sheffer sequence for (g{t), f{t)), which is denoted by 
Sn{x) - {g{t)J{t)). By ((LTl) and (HH), we see that {ey*\p{x)) = p{y). For f{t) e J" 
and p{x) € P, we have 

a.„ 

k=0 k=a 

and, by pT^ . get 

pW(0) = (i'=b(a;)) , (l|pW(x)) =p«(0). (1.10) 
Thus, from (|1.10l) . we have 

t'^pia:)^p('^\x) = ^. (1.11) 
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In [g Ella], we note that {fit)g{tMx)) = {g{t)\f{t)pix)). 
For Sn{x) ^ {g{t),f{t)), we have 



1 .ym-^^kiy) 



-e 



J2^t\ foraUyeC, (1.12) 



9im) ^„ kl 



where f{t) is the compositional inverse of f{t). For Sn{x) ^ {g{t), f{t)) and r„(a;) ~ 
{h{t),l{t)), let us assume that 



Then we have 



Snix) = ^C„,fcrfc(x), (see [6,9,13]). (1.13) 

fc=0 



), (see [13]). (1.14) 



The equation (|1.13p and (I1.14p are called the alternative ways of Sheffer sequences. 

In this paper, we study umbral calculus to have alternative ways of obtaining our 
results. That is, we derive some interesting identities of the higher-order Bernoulli, 
Euler and Hermite polynomials arising from umbral calculus to have alternative 
ways. 



2. Some identities of higher-order Bernoulli, Euler and Hermite 

polynomials 

In this section, we use umbral calculus to have alternative ways of obtaining our 
results. Let us consider the following Sheffer sequences: 



Ei^\x)^{{^^) ,^),i^„(-)-(e^*^[). (2.1) 



Then, by (jl.lSp . we assume that 



n 

El:\x) ^Y.^r.Mx)- (2.2) 

fe=0 
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From (|1.14p and (|2?2|) . we have 




Therefore, by (|2.2p and (|2.3p . we obtain the foUowing theorem. 
Theorem 2.1. For n > 0, we have 

Let us consider the following two Sheffer sequences: 
Let us assume that 



n 
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By (fTTil) and ([221), we get 




Therefore, by (|2.5|) and (|2.6|) . we obtain the foUowing theorem. 
Theorem 2.2. For n > 0, we have 



Consider 



Let us assume that 
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By (fLlil) . we get 



Cn.k - ;^ 



1 



1 - A 



2-k 



e* - A 

r 71 - fc 1 



1=0 



E 



(r) 



1 - A 

e* - A 



(2.9) 



(A) 



Z!22'+'=(n-fc-2/)!fc! 



E 



0</<n — fc, £;cvcn v ^ / ^ ' 

Therefore, by (|2.8p and (|2.9p . wc obtain the foUowing theorem. 
Theorem 2.3. For n > 0, we have 



H^:\x\X)=n\Y,{ E 



(r) 



-k-l 



(A) 



fc— I 0</<n — /c. l:even 



kl{n-k~iy. (|)!2'^'+' 



Let us assume that 



k-- 

From ([TTi)) . dm and (CTI)) . we have 
1 



(2.10) 



2 



fc! 



fc! 



e'+l 



64 



(2 



(2i)'= x" 

(2x)" 



= 2'' 



e* + 1 



E 



(-1)' 



(2.11) 



^2l^n-k 



i-k~2l\ 



1=0 



1 



r [ 2 \ fn\ ir\cyk( i \l 



EE 



2'=(--l)'(n-/c)! 



;!(n-/c-20! 



(2j) 



n-fe-2i 



3=0 1=0 

Therefore, p.lOp and ()2.1ip . we obtain the fohowing theorem. 
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Theorem 2.4. For n > 0, we have 



k=0 



EE 

j=0 (=0 



(^)(;)2'=(-iy(n-fc)!(2j) 



n{n-k-2iy. 

Note that Hn{x) ^ (^e^*^, 1^ Thus, we have 



Hnix) - , and (2a:)" - (^1 

From (f2TT2l) . we have 

ei'^Hnix) = (2a;)" 4^ iJ„(x) = e-3*'(2a;)". 
By (|2.11l) and (I2.13p . we also see that 



k\ 
1 

fc! 



g4 'v^'--' 

e* + 1 



e-3*'(2a:)" 



^(,.'+iri«'i^,.w>4(:)2^i:(;>. 



Ail 



Therefore, by (|2.10p and (|2.14l) . we obtain the foUowing theorem. 
Theorem 2.5. For n > 0, we have 



fc=0 ^ ^ 



J=0 



Let us assume that 



i?„(a;)=^C„,fci?^'')(a;). 



fc=0 



From (fn4|) . (|2^ and (fTTSj) . we have 

1 ■ ■ 



fc! 



1 
fc! 



t 



_ 1 

^ fc! 

From (pi^ and (j^l^ . we have 



e*-l 



(2i)'= 
(2a;) 



fc! 



e*-l 



e-3*^(2:E) 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



(2.17) 
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For r > n, by ([T31) and ([2Tf|) . we get 



e - 1 



E 



(r - A:)! 



S2{l + r-k,r^k)t'Hnix) 



1 ^ (r - A:)! 



A:! ^ + r - A:)! 



S'2(/ + r-A:,r--A:)2' 



(n - ly. ^ \i 



J:^ " (r - A:)!52(/ + r - A;, r - A;)(-l)^-^' (^)2'i/„_,(j) 
i=o z=o 



(/ + r-A;)!A;!(n-0! 



5: r' (-i)'=-^i/„_,o) 



(2.18) 



Therefore, by (|2.15p and (|2.18l) . we obtain the following theorem. 
Theorem 2.6. For r > n > Q,we have 

{r ~ky.S2il + r~k,r- fc)(-l)fe-^- Q2'g„_; (j) \ 



71 { k n 

k=o [ i=o /=o 



(l + r - ky.k\{n - ly. 



Let us assume that r < n. For < A; < r, by (|2.18p . we get 

^^^ {r-kyS2{l + r-k,r- k){-lf-= H^^ijj) 
'h'ohn (1 + r - kV-klin - ly 

For r < A: < n, by (|2.17p . we get 



(2.19) 



kl ^ \j 



k\(n — k + ry. ^ \ j 



(2.20) 



Therefore, by (P?T5|) . ^TX^ and (1^^ . we obtain the following theorem 
Theorem 2.7. For n > r, we have 

(r -kyS2{l + r-k,r- k)(-\Y-^ {^^2^ Hn-ijj) I 



r— 1 I k n 
k=0 I j=0 1=0 



n 



n I r 

EE 

k=r \^j=0 

Let us assume that 



{I + r - ky.k\{n - ly 



k\{n -k + ry. 



(2.21) 



fc=0 
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Then, by ([LTi]) . (|27ll and we get 



ki 



g4 \ 



e'-A 

1 / 



kl 



e<i 



(2t)'= 
(2x)" 



(2.22) 



1 //e*-A 



A:! \ V 1 - A 



e-4* (2x)" 



By (|2l^ and ([222]), we get 

1 //e* - A" " 



1 



/c! Wl-Ay ^7 fc!(l-A) 



-{(e'-Xy\t''H4x)) 



(2.23) 



(1 - A)'- ^ 

Therefore, by (|2.2ip and (|2.23l) . we obtain the fohowing theorem. 
Theorem 2.8. For n > 0, we have 



1 



Remark. From (|2.22l) . we have 



Cn.k — 77 

k\ 



1 / I 



e<i 



(2-)" = U 



- A 



fc! \ V 1 - A 



fc! 



^2"E 



-0 

n-fc 1 



^4' 



1-A 



(2.24) 



i=0 



(1-A) 



1 ^ (',-)(p2fe (-l)'(-A)-^-(^ - fc)!(2j)"-'=-2' 



3=0 1=0 

Thus, by ((2:2T|) and ([2^, we get 



;!(n-fc-20! 



Hnix) = 



1 

(T^ 



n r [— 2-J {r\nk( i \; 



E EE 

fe=o i=o ;=o 



l!)(p2n-l )'(-A)"-nn-fc )!(2j) 
;!(n-fc-20! 



y<H^|A). 
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